Formulas for the total ionization cross section by electron impact based on the binary-encounter-dipole ͑BED͒ model and its simpler version, the binary-encounter-Bethe ͑BEB͒ model are extended to relativistic incident electron energies. Total ionization cross sections for the hydrogen and helium atoms from the new relativistic formulas are compared to experimental data. Relativistic effects double the total ionization cross section of H and He at incident electron energy Ϸ300 keV and dominate the cross section thereafter. A simple modification of the original BED-BEB formulas is proposed for applications to ion targets and inner-shell electrons of neutral atoms and molecules. The relativistic and nonrelativistic BEB cross sections are compared to the K-shell ionization cross sections by electron impact for the carbon, argon, nickel, niobium, and silver atoms. For carbon and argon, the relativistic effects are small, and both forms of the BEB cross sections agree well with available experimental data. For the nickel and heavier atoms, the relativistic increase of cross sections becomes noticeable from about 100 keV and higher in the incident electron energy. The empirical formula by Casnati et al. ͓J. Phys. B 15, 155 ͑1982͔͒ after correcting for relativistic effects as shown by Quarles ͓Phys. Rev. A 13, 1278 ͑1976͔͒ agrees well with the BEB cross sections for light atoms. However, the peak values of the Casnati cross sections become higher than the relativistic BEB peak cross sections as the atomic number increases. The BEB model is also applied to the total ionization cross section of the xenon atom, and the theory agrees well with experiments at low incident electron energies, but disagrees with experiment at relativistic incident energies.
I. INTRODUCTION
In an earlier work Kim and Rudd ͓1͔ proposed the binaryencounter-dipole ͑BED͒ model for the singly differential ͑en-ergy distribution of secondary electrons͒ ionization cross section d/dW as a function of the secondary electron energy W and the incident electron energy T. The total ionization cross section is obtained by integrating over W. In this paper the nonrelativistic BED and associated formulas for the singly differential and total ionization cross sections are extended to relativistic incident electrons. The relativistic forms are required when T exceeds about 20 keV, e.g., in the inner-shell ionization of heavy atoms by fast electrons and the stripping of fast ions used in heavy ion fusion.
The BED model was developed by combining a modified form of the Mott cross section ͓2,3͔ and the leading dipole part of the Bethe cross section ͓4͔. The relativistic extension of the Mott cross section, which is known as the Mo "ller cross section ͓5͔, and that for the Bethe cross section are different, and we must go back to the differential ionization cross section and identify the origin of various terms to apply the correct relativistic extensions.
The BED model requires the knowledge of differential dipole oscillator strength, d f /dW, for each atomic or molecular orbital. When d f /dW is unknown, Kim and Rudd approximate it by a simple analytic function and obtain a compact, analytic expression for the total ionization cross section. This simplified version is referred to as the binaryencounter-Bethe ͑BEB͒ model ͓1͔. The BED-BEB model was used to calculate total ionization cross sections of neutral atoms and molecules with great success ͓6͔ for nonrelativistic incident electron energies.
In Sec. II we summarize the nonrelativistic BED-BEB formulas and identify changes necessary to transform them into relativistic forms. In Sec. III we discuss the application of the relativistic formulas. One class of problems to which the present relativistic formulas are immediately applicable is K-shell ionization cross sections. The original BED-BEB model is designed to produce reliable cross sections for neutral targets. To extend the model to inner-shell ionization, the BED-BEB model is modified slightly to account for the strong nuclear field experienced by the incident electron when colliding with inner-shell electrons. Conclusions are presented in Sec. IV. ity hereafter, with the understanding that the same formulas can also be applied to molecular targets.
A. Nonrelativistic formula for differential ionization cross sections
The modified Mott cross section used in the BED model for the differential ionization cross section per atomic orbital is ͓1͔
where T is the incident electron energy, W is the kinetic energy of the ejected electron, B is the orbital binding energy, R is the Rydberg energy (ϭ13.6 eV), N is the orbital electron occupation number, and a 0 (ϭ0.529 Å) is the Bohr radius. Since the Mott cross section does not include the dipole interaction, i.e., the soft collision with small momentum transfers characteristic of bound electrons, the modified Mott cross section, Eq. ͑1͒, is combined with the leading dipole term of the Bethe cross section to obtain the BED formula. The original Mott cross section was derived using the Coulomb functions for two free, colliding electrons, while the Bethe cross section, which is the asymptotic ͑high T) form of the plane-wave Born approximation, used plane waves for the incident and scattered electrons. Hence, the two formulas cannot simply be added.
The differential Bethe cross section is often given in the form ͓7,8͔:
where A(W/R) and C(W/R) are functions characteristic of the target atom but independent of T. Many past attempts to combine the Mott cross section with the Bethe cross section involved adjustable ͑mostly empirical͒ parameters to scale the Bethe or Mott cross section. Instead, Kim and Rudd required the combined formulas to satisfy asymptotic forms for both the ionization cross section and the stopping cross section ͓4,7͔, and succeeded in eliminating any adjustable parameters. In addition, in the BED model the first denominator T on the right-hand side ͑RHS͒ of Eqs. ͑1͒ and ͑2͒ was replaced by TϩUϩB, where U ϭ͗p 2 /2m͘ is the average orbital kinetic energy of the target electron, p being the electron momentum and m the electron rest mass. This replacement was introduced by Burgess ͓9͔ to emulate the correlation between incident and the target electrons. The nonrelativistic BED model for neutral targets significantly owes its success at low T to the use of this denominator, which is sometimes referred to as the ''focusing term'' or the ''acceleration term.'' This means that the incident electron is attracted by the target nucleus and gains speed before collision. In reality, the incident electron sees a neutral target until it actually plows into the target charge cloud. The replacement of the denominator introduced by Burgess ͓9͔ is a simple yet effective way to have a mildly T-dependent correlation term between the incident and target electrons.
With these modifications, the nonrelativistic BED formula for the singly differential ionization cross section per atomic or molecular orbital is given by ͓1͔ 
in terms of the differential dipole oscillator strength d f /dw, which uses the binding energy as the energy interval. In Eq. ͑3͒ the first two terms in the curly brackets on the RHS associated with the factor Ϯ(2ϪN i /N) are from the Mott cross section, Eq. ͑1͒, while the last term with d f /dw is the leading dipole term from the Bethe cross section, Eq. ͑2͒. As is shown later, the changes necessary for relativistic T must be introduced in the differential ionization cross section.
B. Nonrelativistic formulas for total ionization cross sections
To obtain the nonrelativistic BED cross section BED for total ionization, we integrate Eq. ͑3͒ over the secondary electron energy, Wϭ0 to W max ϭ(TϪB)/2, and get the total ionization cross section:
͑5͒
where D͑t ͒ϵN
and N i is defined by Eq. ͑4͒.
Often it is difficult to find reliable d f /dw for individual atomic or molecular orbitals. In such cases, Kim and Rudd ͓1͔ approximate the differential dipole oscillator strength for all orbitals by a simple function that simulates the shape of the d f /dw for ionizing the hydrogen atom,
͑7͒
This simplification is referred to as the BEQ model. Since the dipole term in Eq. ͑3͒ with Eq. ͑7͒ becomes proportional to 1/(wϩ1) 3 , we also symmetrize the dipole term following the symmetric form of the Mott cross section in the same equation, i.e., (d f /dw)/(wϩ1) in Eq. ͑3͒ is replaced by N i ͓1/(wϩ1) 3 ϩ1/(tϪw) 3 ͔ before the differential cross section is integrated over w. Then the integrated cross section per orbital in the BEQ model becomes a simple analytic formula,
in terms of a dipole constant Q defined in the derivation of Eq. ͑3͒,
with a frequently used dipole constant M 2 defined by
Note that the first logarithmic term on the RHS of Eq. ͑8͒ represents the dipole term, the middle term (1Ϫ1/t) embodies the direct and exchange contributions from the Mott cross section, and the last logarithmic term originates from the interference between the direct and exchange contributions. Equation ͑8͒ requires only four constants from each atomic or molecular orbital, viz., the binding energy B, the kinetic energy U, the electron occupation number N, all from the ground-state wave function of the target, and the dipole constant Q. The substitution of Eq. ͑7͒ into Eq. ͑10͒ leads to Q BEQ ϭN i /N, which is used to replace N i /N when Eq. ͑3͒ is integrated.
When a reliable value of M 2 is known, although the details of d f /dw are unknown, the M 2 value can be used to determine Q via Eq. ͑9͒. This substitution will make BEQ converge to the correct asymptotic limit predicted by the Bethe theory.
When no data are available either for d f /dw or Q, Kim and Rudd ͓1͔ set Qϭ1, which they called the binaryencounter-Bethe ͑BEB͒ model. Then, the BEB cross section becomes very simple,
C. Relativistic BED, BEQ, and BEB cross sections
The original Mott and the Bethe cross sections have started with momentum transfers, and the expressions in terms of energy, such as T and W, have been obtained by converting relevant electron speed into energies using the nonrelativistic relation. For instance, a kinetic energy K is obtained by setting Kϭmv 2 /2, where v is the speed of an electron. The relativistic formulas, on the other hand, are written in terms of the ratio of the electron speed to the speed of light c,
and
where v t is the speed of an electron with kinetic energy T, v b is the speed of an electron with kinetic energy B, and v u is the speed of an electron with kinetic energy U.
The Mo "ller cross section per atomic orbital, after the same modification used on the original Mott cross section to avoid singularities for Wϭ0 and multiplying the orbital electron occupation number N, is given by ͓10-12͔
where ␣ is the fine-structure constant. The integration of the differential Mo "ller cross section from wϭ0 to w max ϭ(t Ϫ1)/2 results in the integrated Mo "ller cross section,
͑16͒
The relativistic form of the nonrelativistic Bethe cross section, Eq. ͑2͒, is ͓7,8,11-13͔
͑17͒
where
The nonrelativistic Eq. ͑3͒ is converted to a relativistic form to match the relativistic Eqs. ͑15͒ and ͑17͒, while noting that Eqs. ͑2͒ and ͑3͒ use different energy units in the logarithm associated with the dipole interaction. After replacing ␤ t 2 in the first denominator on the RHS of Eqs. ͑16͒ and ͑17͒ by the relativistic equivalent of the ''Burgess'' denominator, ␤ t 2 ϩ␤ u 2 ϩ␤ b 2 , the relativistic BED ͑RBED͒ formula for the singly differential ionization cross section becomes
͑19͒
The total ionization cross section of an atomic orbital is obtained by integrating Eq. ͑19͒ over w from 0 to (tϪ1)/2,
while D(t) is given by Eq. ͑6͒. The matching relativistic BEQ ͑RBEQ͒ and relativistic BEB ͑RBEB͒ formulas for total ionization of an atomic or molecular orbital are
͑22͒
The relativistic Eqs. ͑20͒-͑22͒ reduce to their nonrelativistic counterparts, Eqs. ͑5͒, ͑8͒, and ͑11͒ in the limit ␤ t Ӷ1 by noting that Rϭmc 2 ␣ 2 /2, mv t 2 /2ХT, mv u 2 /2ХU, and mv b 2 /2ХB.
D. Asymptotic limits
The Bethe cross section for the total ionization in the high-T limit is often given by two constants M 2 and C, which are characteristic of the target but independent of T ͓7͔,
in the relativistic form, and
in the nonrelativistic form. The quantity C R is related to C NR by Eq. ͑18͒, i.e.,
Since the BED-BEQ-BEB cross sections are given in analytic forms, we can easily obtain analytic expressions for M 2 and C from these cross-section models. The expression for M 2 is the same for relativistic and nonrelativistic formulas. The nonrelativistic expressions are
and the relativistic expressions for C can be derived using Eq. ͑25͒.
As was mentioned earlier, M BED 2 is a weighted integral of the differential dipole oscillator strength, Eqs. ͑6͒ and ͑10͒, and can be determined if d f /dw for all orbitals are known, either from photoionization experiments or a reliable theory. For instance, the values of M 2 are known for H and H-like ions, He and some He-like ions, Ne, Ar, Kr, and Xe ͓14͔. The second constant, C NR , is much more difficult to determine, and reliable values are known only for a short list of targets. The M 2 from the BED and BEQ formulas are identical to those from the Bethe theory, but M BEB 2 is not, because of the approximation Qϭ1 we have made to obtain BEB . None of the C values from the present models are the same as the Bethe theory value because of the approximations we have made to combine the Bethe and Mott cross sections. For very high Tӷmc 2 , the approximations we have made, while providing reliable cross sections at TϽ5 keV, may lead to less reliable cross sections than accurate asymptotic Bethe cross sections when they are known.
III. APPLICATION OF THE RELATIVISTIC FORMULAS
Cross-section formulas based solely on the Bethe theory are reliable for high T but are usually unreliable at low T where the ionization cross sections peak. Since the nonrelativistic BED-BEB formulas provide reliable ionization cross sections at low T and the relativistic BED-BEB formulas reduce to the correct nonrelativistic BED-BEB formulas, the relativistic BED-BEB cross sections should provide reliable ionization cross sections for a wide range of T. For instance, Eq. ͑22͒ is ideally suited for modeling ionizing events that cover incident electron energies from the threshold to hundreds of keV because the BEB model requires minimal input data for the target.
Note that the ''Burgess'' denominator, TϩUϩB, is the only ad hoc term used without proper derivation in the BED model. The substantial reduction of cross sections at low T achieved by the Burgess denominator for neutral targets is unlikely to be correct in magnitude when the incident electron is subject to a long-range Coulomb interaction from an ion target. Kim and Rudd ͓1͔ already noted that they had to reduce the denominator to apply the nonrelativistic BED model to He ϩ . Further application of the BEB model to singly charged molecular ions ͓15͔ revealed that using Tϩ(U ϩB)/2 instead of TϩUϩB resulted in excellent agreement with known experimental data at nonrelativistic T.
Moreover, comparisons to distorted-wave Born cross sections for highly charged ions ͓16͔ indicate that a simple average of the nonrelativistic BED, BEQ, and BEB cross sections with the tϩuϩ1 denominator and t reproduces the distorted-wave Born results closely at low to intermediate t.
For extreme cases such as the hydrogenic ions of heavy atoms, we expect that t alone will be the appropriate denominator as is the case for most ab initio theories that are expected to be valid for such targets.
Until we have more examples to compare, we tentatively propose to use for single ionization of deep inner shells of heavy atoms,
instead of Eq. ͑8͒, and
instead of Eq. ͑11͒. In fact, these averaged BED, BEQ, and BEB formulas can also be used for any ions whose net charge is 3ϩ or higher, including deep inner shells which are subject to strong effective nuclear attraction. Similar to Eqs. ͑32͒-͑34͒, the averaged relativistic BED, BEB, and BEQ formulas are
͑37͒
As is shown later, relativistic effects raise the ionization cross section at high TϾmc 2 , sometimes making the cross section higher than the first peak at lower T. This is known as the relativistic rise of ionization cross sections. When T ӷmc 2 , other relativistic effects, such as the density effect, which is an apparent increase in the target density because of the Lorentz contraction of the length in the direction of the incident electron beam, must be taken into account.
A. Application of the BEB model to K-shell ionization
Inner-shell ionization cross sections by electron impact are of interest not only to the basic collision physics for complex atoms and molecules, but also to various practical applications in material science and electron microscopy. A comprehensive review of the theoretical and experimental situation as of mid-1980s has been presented by Powell ͓17͔. Theoretical difficulties in the past were between the threshold and the peak, which occurs usually four to five times the threshold energy. Theories based on the Bethe or Born cross section are not reliable there. Theories based on classical mechanics are somewhat better but such theories usually require adjustable parameters. The present BEB-RBEB models produce reliable cross sections between the threshold and the peak without using any adjustable parameters.
As an illustration, we apply the relativistic and nonrelativistic averaged BEB formulas to the K-shell ionization of C, Ar, Ni, Nb, and Ag. As is shown below, relativistic effects become increasingly more important as the K-shell binding energies of the elements increase. Hence relativistic theory must be used for treating both atomic structure and collision dynamics for medium to heavy atoms. The only input data needed for each element in the present BEB-RBEB model are B and U, which are calculated from Dirac-Fock wave functions and listed in Table I , and the electron occupation number Nϭ2. For the binding energies of inner-shell electrons, experimental values ͓18͔ may be used to match experimental thresholds precisely, though theoretical K-shell binding energies from Dirac-Fock wave functions are reliable to 1% or better in general.
Before we present the comparison between theories and experiments, a few general comments are in order.
͑a͒ Casnati et al. ͓19͔ determined their empirical formula by fitting to a wide range of experimental data available to them. Hence, when particular experimental data published before Casnati et al. agree well with the Casnati formula, the agreement may simply indicate that Casnati et al. gave a high weight to the experimental data while fitting their formula.
͑b͒ Casnati et al. ͓19͔ presented a formula for relativistic corrections in their paper but the formula-an equation given at the end of their Sec. 3-is wrong. The correct formula is given by Quarles ͓20͔. Hence, we quote the Casnati formula with the correct relativistic correction as the ''Quarles'' cross section, while the nonrelativistic version is called the ''Casnati'' cross section.
͑c͒ The fitting formula developed by Casnati et al. †Eq. ͑8͒ in ͓19͔ ‡ contains the leading dipole interaction terms represented by ln t/t, while the relativistic correction presented by Quarles is based on the classical theory by Gryzinski ͓21͔, which does not include any dipole interaction. In contrast, the present RBEB model contains the leading dipole interaction and uses the correct relativistic extension of the dipole interaction.
͑d͒ The semiempirical formula by Deutsch et al. ͓22͔ is a modified form of the classical theory by Gryzinski ͓21͔. The modification involves introducing a new parameter and adjusting all parameters to fit available experimental data. Their formula still lacks the dipole interaction which becomes dominant at high T, and hence tends to be too low at relativistic T.
In Figs. 1-5 , we compare the present BEB ͓Eq. ͑34͔͒ and Except for the carbon atom in Fig. 1 , the relativistic cross sections begin to show a different shape than the shape of the nonrelativistic counterparts at TϾ100 keV. These figures clearly demonstrate the necessity for relativistic corrections for atoms with medium and high atomic numbers.
For the carbon atom, relativistic and nonrelativistic cross sections are almost identical for TϽ1 keV. Both the present RBEB cross section and the relativistic Quarles cross section marked as ' 'Quarles ͓20͔'' are trend toward lower T not seen in any other theory or experiment.
For the argon atom in Fig. 2 , all theoretical and experimental data seem to agree with each other, while our RBEB-BEB cross sections tend to agree slightly better with the experimental data by Tawara et al. ͓25͔, by Hippler et al. ͓27͔ , and by Quarles and Semaan ͓28͔. The experimental data by Platten et al. ͓29͔ , though with large uncertainties, follow the shape of the Casnati cross section at low T. We also see the beginning of a trend that the relativistic Quarles and the nonrelativistic Casnati cross sections are higher than the RBEB-BEB cross sections in peak values. Although we did not extend Fig. 2 to very high incident electron energies, the relativistic plane-wave Born cross section by Scofield ͓24͔ is in excellent agreement with the present RBEB cross section to Tϭ10 MeV.
For the nickel atom in Fig. 3 , experiments and theories are both divided into two groups. The experimental data by Jessenberger and Hink ͓30͔ and the data by Luo et al. ͓31͔ agree with the peak values of the Quarles cross section and the nonrelativistic Khare cross section, while the experimental data by He et al. ͓32͔ , the data by Pockman et al. ͓33͔ and the single data point by Smick and Kirkpatrick ͓34͔ are lower in peak values and agree with our RBEB-BEB cross sections. The relativistic plane-wave Born cross section by Scofield ͓24͔ rises rapidly near the peak overestimating the ionization cross section as expected. The present RBEB cross section begins to be higher than the plane-wave Born cross section beyond Tϭ1 MeV. For H and He, the RBEB model produces M 2 -the leading coefficient of the Bethe cross section in Eq. ͑23͒ as discussed in Sec. II D-higher than the known, reliable values ͓1͔. Hence, we expect that the RBEB model would also overestimate M 2 for K shells of heavy atoms, resulting in a slightly higher cross section than the asymptotic Born cross section. A definitive experiment centered around the peak is desirable to distinguish different predictions from different theories.
In Fig. 4 we compare recent experimental data by Peng et al. ͓35͔ for the niobium atom to the present RBEB cross section, to the empirical formula by Casnati et al. ͓19͔ with the relativistic correction indicated by Quarles ͓20͔, and the semiempirical relativistic cross section by Deutsch et al. ͓22͔ . Here, the experimental data are in excellent agreement with the RBEB cross section, while the Casnati cross section is appreciably higher, reinforcing the trend also seen in Ar and Ni ͑Figs. 2 and 3͒.
Four sets of experimental data for the silver atom are compared to the present RBEB-BEB cross sections and other theories in Fig. 5 Fig. 5 . Although all theoretical cross sections agree in the vicinity of T ϭ1 MeV, the difference between the present RBEB cross section and the relativistic plane-wave Born cross section by Scofield ͓24͔ is widening at TϾ2 MeV, amplifying the trend observed in Ar and Ni, again due to the fact that the RBEB model is likely to overestimate M 2 in Eq. ͑23͒ for K electrons. The silver atom is another example for which definitive measurements near the peak would help to distinguish different theories.
B. Application of the relativistic BEQ cross section
Atomic hydrogen is a particularly simple case to apply Eq. ͑8͒ because only one nontrivial number is needed: Q ϭ0.5668, which can be calculated exactly from the hydrogenic d f /dw. The rest of the input data for the hydrogen atom are Bϭ13.6057 eV, uϭU/Bϭ1 from the virial theorem, and Nϭ1. As was shown in an earlier work ͓1͔, the nonrelativistic BEQ cross section is in excellent agreement with the experimental values measured by Shah et al. ͓41͔ from the threshold to Tϭ1 keV. The relativistic BEQ cross section given by Eq. ͑21͒ is practically indistinguishable from the nonrelativistic BEQ cross section Eq. ͑8͒ from the threshold to TϷ5 keV.
Since the ionization cross section is very low at relativistic T, the Fano plot is better suited for comparing different cross sections at relativistic T. The Fano plot is a graph using as the abscissa and ordinate
As can be seen from Eq. ͑23͒, such a plot will asymptotically approach a straight line with a slope M 2 . Table II Fig. 6 . We did not use the averaged cross sections, Eqs. ͑32͒-͑37͒, because they are meant for deep inner shells of many-electron atoms. Both the relativistic BEQ and the asymptotic Bethe cross sections agree with the experimental data within the experimental error bounds. However, the asymptotic Bethe cross section appears to agree better with the trend seen in the experimental data for TϾ2 keV than RBEQ . This is an example in which the asymptotic Bethe cross section for the hydrogen atom is more accurate because exact wave functions are known. Although the actual cross-section values remain low at high T, the relativistic BEQ cross section is almost twice the nonrelativistic BEQ cross section at TϷ300 keV ͑see Table II͒. Relativistic effects dominate at higher T, and the relativistic rise of the cross section occurs after TϷ1.5 MeV.
C. Application of the relativistic BED cross section
Recently, the nonrelativistic BED formula was applied to the helium atom in combination with the d f /dw calculated from the relativistic random-phase approximation ͑RRPA͒ ͓43͔. The resulting BED was sufficiently accurate to be recommended as a normalization standard. In Ref. ͓43͔, the RRPA d f /dw was fitted into a four-term power series to facilitate integration to an arbitrary upper limit in Eq. ͑6͒. In Table III , RBED and BED are compared to the experimental data by Shah et al. ͓44͔ for the helium atom at typical values of T and the corresponding X. In Fig. 7 , the experimental data for He by Shah et al. ͓44͔ and the data by Rieke and Prepejchal ͓45͔ are compared to the relativistic BED ͓Eq. ͑20͔͒ and nonrelativistic BED ͓Eq. ͑5͔͒ cross sections and the asymptotic Bethe cross section ͓42͔ in a Fano plot. As in the case of H, we did not use the averaged cross sections, Eqs. ͑32͒-͑37͒, for He because these equations are for deep inner shells of many-electron atoms. In contrast to the hydrogen atom, the RBED cross section represents the trend seen in the experimental data at TϾ5 keV better than the asymptotic Bethe cross section.
Rieke and Prepejchal ͓45͔ presented their data as a fitted straight line using the variables for the Fano plot, Eqs. ͑38͒ and ͑39͒. They presented three pairs of constants for the ionization of the helium atom. Their experiment on He, however, represents the total inelastic scattering cross section that includes all discrete excitations because they used a buffer gas whose ionization energy is below the excitation energies of the metastable helium atom ͓46͔. The excited He atoms produce buffer-gas ions through the Penning ionization. In Fig. 7 the error bars for the Rieke and Prepejchal curve represent the spread of the cross sections reproduced from the three sets of their constants, M 2 and C R . All of their values are larger than the known asymptotic Bethe cross-section values for ionization.
As it was in the case of the hydrogen atom, RBED ͓Eq. ͑20͔͒ is almost twice the value of BED ͓Eq. ͑5͔͒ at T Ϸ300 keV, and then the former dominates for higher T ͑see Table III͒ . The relativistic rise of RBED again occurs after TϷ1.5 MeV.
D. BEB cross section for xenon
The BEB model requires minimal input data for the target atom and hence the model is most useful for atoms with complex structure. Xenon is a good example because its total ionization cross section is known to a reasonable accuracy (Ϯ10% -15%) at Tр5 keV ͓47-49͔ and T ϭ0.1-2.7 MeV ͓45͔. One complication common in heavy atoms such as xenon is the fact that multiple ionization is a significant fraction of the total ionization cross section. For instance, Wetzel et al. ͓47͔ and Nagy et al. ͓48͔ separately measured cross sections for producing singly charged, doubly charged, and triply charged ions, while Nishimura and Sakae ͓49͔ measured the total ion current. A simple sum of the cross sections measured by Wetzel et al. or Nagy et al. is known as the counting ionization cross section defined by
while the ion current measured by Nishimura and Sakae is known as the gross ionization cross section defined by
Most of the multiply charged ions result from the Auger process triggered by the ionization of an inner shell, such as the 4s, 4p, 4d, and 5s orbitals. Holes created in very deep inner shells are more likely to be filled by fluorescence than by the Auger process. Besides, ionization cross sections for the K, L, and M shells are negligible compared to cross sections of the outer shells, and we need to consider multiple ionization from the holes created only in the N shell and O shell.
Since our theoretical model is simple and the accuracy of the available experimental ionization cross sections is modest, it is not necessary for us to know the details of the Auger process, such as fluorescence yields and partial cross sections for the numerous channels of Auger decay. It is sufficient for us to consider only the energy balance from the list of orbital binding energies in Table IV . For instance, the ionization of a 5s electron will lead to a doubly charged ion when a 5p electron fills the 5s hole, while the ionization of a 4d electron will lead to a triply charged ion by first filling the 4d hole by a 5s electron and then the resulting 5s hole filled by a 5p electron. In reality it is also possible to get only a doubly charged ion if a 5p electron fills the 4d hole. Similarly, we assume that the ionization of a 4s or 4p electron will result in a quadruply charged ion. It is easy to estimate the cross sections for the production of these multiply charged ions in the BEB model because the model gives cross sections for each orbital. Hence, to get the counting ionization cross section, we simply add each orbital cross section once. For the gross ionization cross section we double the 5s cross section, triple the 4d cross section, and quadruple the 4s and 4p cross sections. The values of B and U given in Table IV for xenon were calculated using a single-configuration Dirac-Fock wave function.
The BEB cross section for the gross ionization is compared to available experiments at low T in Fig. 8 , while the Fano plot for Xe is shown in Fig. 9 for relativistic T. The BEB cross section used in Fig. 8 is BEBav ͓Eq. ͑34͔͒, while the cross section used in Fig. 9 is RBEBav ͓Eq. ͑37͔͒. The relativistic and nonrelativistic BEB cross sections are indistinguishable at nonrelativistic T. For the 5 p 1/2 and 5p 3/2 orbitals, we did not use the ''average'' cross section in Eq. ͑34͒. Instead we replaced uϩ1 in Eq. ͑11͒ by (uϩ1)/n with the principal quantum number nϭ5 as we did in earlier applications of the BEB model to heavy atoms and molecules containing heavy atoms. This is another example of the fine tuning of the ''Burgess'' denominator to avoid excessive reduction of cross sections due to large values of U for outer orbitals resulting from many radial nodes and high angular quantum numbers in the kinetic energy operator ł(l ϩ1)/2r 2 . Except for the outermost orbitals, such as the 5p 1/2 and 5p 3/2 orbitals, the averaging of two denominators shown in Eq. ͑34͒ leads to cross sections practically indistinguishable from those obtained by using (uϩ1)/n in the denomi- nator. An alternative method is to use the orbital kinetic energies derived from an effective core potential, which generates nodeless valence orbitals. Effective core potentials are widely used in quantum chemistry for molecules containing heavy atoms ͓50͔. We also used experimental ionization energy for the outermost orbital to match the threshold of experimental cross sections.
In the case of He, double ionization is negligible and we did not have to distinguish counting and gross ionization cross sections. For Xe, however, the gross ionization cross section is visibly higher than the counting ionization cross section as can be seen from Figs. 8 and 9. The peak near T ϭ110 eV is enhanced in the gross ionization cross section, a clear indication that the peak is related to the multiple ionization resulting from holes in the 4d 3/2 and 4d 5/2 orbitals. These holes may be created either by direct ionization or excitation to a higher bound levels, which decay by autoionization. The BEB model includes the direct ionization but not the autoionizing excitations. Within the context of the BEB model, the autoionization cross sections must be calculated separately and added on to the direct ionization cross section.
For 
IV. CONCLUSIONS
The nonrelativistic BED, BEQ, and BEB cross sections for electron-impact ionization have been extended to relativistic incident electron energies. The original BED-BEQ-BEB formulas, which reproduce reliable ionization cross sections for neutral targets, have been modified slightly for applications to inner shells by using a simple average of cross sections with two different denominators. These denominators play the role of T-dependent scaling of ionization cross section to account for the electron correlation between the incident and target electrons. The relativistic formulas can now be used for the ionization of atoms and molecules whose inner-shell ionization requires relativistic (TϾ20 keV) incident electron energies.
The present theory is in excellent agreement with available experimental data on K-shell ionization by Tawara et al. ͓25͔ for carbon and argon, the experimental data by Pockman et al. ͓33͔ for nickel, and with the experimental data by Peng et al. ͓35͔ for niobium. The present theory is lower than available experimental data for silver. For nickel and heavier elements, the relativistic version of the empirical Casnati cross sections tends to be higher than the present theory at the peak by 20% to 30%. Definitive experiments for the K-shell ionization of Ni and Ag near the cross-section peaks are needed to settle conflicting theories and experiments.
The present theory is also in good agreement with the relativistic plane-wave Born cross sections by Scofield ͓24͔ for argon, nickel, and silver for TϽ2 MeV. However, for higher T, the RBEB cross section is higher than the Born cross section, because the RBEB model most likely overestimates M 2 ͓Eq. ͑23͔͒ for K shells. This shortcoming of the RBEB model can be corrected by actually calculating M 2 with a suitable relativistic continuum wave function. Since the ionization energy for K electrons is high and the bound state is dominated by the nuclear Coulomb field, electron correlation is not expected to be critical. Any reasonable continuum wave-function model-e.g., a relativistic version of the Hartree-Fock continuum wave function with frozen core orbitals-is likely to produce M 2 values better than the simple form, Eq. ͑30͒, used in the RBEB model. When such continuum wave functions become available, the RBEQ and RBED models can be used as well.
Although the empirical equation by Casnati et al. ͓19͔ has a logarithmic term to represent the dipole interaction, its relativistic correction derived by Quarles ͓20͔ is based on the classical theory by Gryzinski ͓21͔, which does not have the proper dipole interaction term. Hence, it is uncertain whether this combination of nonrelativistic Casnati formula and the Quarles relativistic correction would necessarily lead to the correct asymptotic behavior for the dipole interaction, which becomes dominant at relativistic T. The same comment applies to the relativistic extension of the semiempirical cross section by Deutsch et al. ͓22͔ . The Deutsch cross section does not have the correct logarithmic term for the dipole interaction either in the relativistic or the nonrelativistic formula. It is known that the lack of a proper dipole interaction term in the classical theory leads to cross sections too low at high T.
All forms of the present theory and the plane-wave Born cross section by Scofield ͓24͔ have the correct logarithmic terms for the dipole interaction. In Figs. 3-5, the RBEB cross section becomes higher than the semiempirical cross sections marked ''Quarles ͓20͔'' and ''Deutsch'' at T Ͼ2 MeV. Since these semiempirical cross sections both have ''improper'' asymptotic behavior, the only meaningful comparison of asymptotic cross sections will be the comparison between the present theory and the plane-wave Born cross section by Scofield ͓24͔.
The Born approximation overestimates peak cross sections and this expectation is borne out by the trend seen in Fig. 3 . The agreement near the peak in Fig. 5 between the Born cross section by Scofield and the experimental data by Davis et al. ͓36͔ should be regarded not as an agreement but as an indication that the data by Davis et al. are too high in view of the expected behavior of Born cross sections near the peak. The comparison of the present RBEB to the Born cross section by Scofield at Tϭ10 MeV for medium to heavy atoms indicates that the former is higher than the latter by 10-15%.
The ionization cross sections for the hydrogen and helium atoms are in excellent agreement with the present BEQ/BED cross sections at nonrelativistic T. However, the asymptotic trend of the experimental data for the hydrogen atom follows the asymptotic Bethe cross section ͓42͔ better than the relativistic BEQ cross section. On the other hand, the asymptotic trend of the experimental data for the helium atom follows the relativistic BED cross section.
The BEB cross section for Xe is in good agreement with available experiments except near the cross-section peak, where autoionization resulting from the ''excitations'' of the 5s and 4d electrons to upper bound levels interact with the background continuum for the direct ionization of the 5p electrons. The BEB model does not include these autoionizing channels, though the model can approximately account for the multiple ionization produced by the Auger decay of the 5s, 4d, 4p, and 4s holes created by direct ionization.
When accurate data on differential dipole oscillator strength are available, the BED and BEQ models will lead to the correct value of the leading dipole term M 2 in the asymptotic Bethe cross section ͓see Eq. ͑23͔͒ for relativistic incident electron energies. However, the present theory is likely to overestimate the second term C R in the asymptotic Bethe cross section. Hence the BED and BEQ models may still overestimate counting ionization cross sections for extreme relativistic incident electron energies, Tӷmc 2 . For gross ionization cross sections, available experimental data are insufficient to draw any definite conclusion about the reliability of the present theory at Tӷmc 2 , though the BED and BEQ cross sections are also likely to overestimate gross ionization cross sections at Tӷmc 2 . Unlike K shells, the BEB model underestimates M 2 of heavy neutral atoms and overestimates their C R and C NR . The fact that the BEB model produces reliable ionization cross sections at low T for many neutral atoms and molecules indicates that other terms in the BEB-RBEB model compensate at low T.
The underlying reasons for the surprising success of the Burgess denominator for neutral targets and its modified form for inner shells presented here are not clear at present. More application examples are needed to fully understand the fundamental nature of the Burgess denominator. Only then the BED-BEQ-BEB models can be modified further to make them truly versatile models that not only cover the entire range of T but also apply to neutral as well as ionized targets.
Since all the input data required in the relativistic BEB cross section can be obtained from the ground-state wave function ͑preferably Dirac-Fock type͒ of a target atom, RBEB ͓Eqs. ͑22͒ or ͑37͔͒ can be used for a wide range of neutral atoms and molecules as well as atomic and molecular ions. The relativistic formulas presented in this paper provide a ''seamless'' coverage of ionization cross sections from the threshold to relativistic incident energies, making the formulas ideally suited for modeling of radiation effects, fusion plasmas, stripping of ions in heavy ion fusion, inner-shell ionization, and other applications where ionization cross sections for a wide range of incident energies are required.
